A parametrized mesoscale model for the early stage growth of isolated single or multiwall carbon nanotubes ͑CNTs͒ has been developed in order to investigate the effects of metal catalyst particle size and composition on CNT growth mechanism during synthesis via a substrate-supported, catalytic chemical vapor deposition process. The model is based on a coarse-grained graphene sheet, represented by a two-dimensional simply connected triangular mesh, with parameters for the surface curvature, bond stretching, carbon-carbon interaction, and carbon-catalyst interaction determined by classical molecular dynamics simulations using a bond-order potential derived from ab initio calculations. The mesoscale simulations show that the initial type of CNT growth is strongly influenced by the surface interaction energy between the graphene sheet and metal catalyst particle, rate of carbon deposition, and particle size. As expected, single wall tubes are produced from small catalyst particles at low deposition rates, but increasing the strength of carbon-catalyst interaction energy or carbon deposition rate results in double or even multiwall CNT structures, formed by folding or involution of the graphene sheet. For the range of model parameters investigated, all single wall CNTs with a diameter greater than 6.6 nm exhibited a kink-collapse transition once a certain critical tube length was reached.
I. INTRODUCTION
The mechanisms by which carbon nanotubes 1,2 ͑CNTs͒ are formed during synthesis have been discussed extensively 3, 4 since their discovery. It is now widely accepted that catalytic metals are essential to form single wall carbon nanotubes ͑SWCNTs͒, 2 although they are not necessarily critical to form multiwall carbon nanotubes ͑MWCNTs͒.
1 Furthermore, a selective synthesis process of double wall carbon nanotubes 3 ͑DWCNTs͒ and triple-wall CNTs ͑Ref. 4͒ has been developed using a catalytic chemical vapor deposition ͑CCVD͒ method. In this paper, we describe the application of a multiscale computational modeling approach to understand growth mechanisms for SWCNTs produced primarily by a substrate-supported CCVD method, with the ultimate aim of achieving a greater control of the structure and properties of the resulting nanotubes. However, many different growth models for MWCNTs have been proposed from various experimental, theoretical, and numerical simulation perspectives. 5, 6 Therefore, we begin with a brief comparative review of growth models for both single and multiwall CNTs using a range of different synthesis techniques, both with and without the use of catalyst metals.
For SWCNTs, many early models were developed for the laser furnace technique: for example, the "scooter model," 7 in which metal atoms were assumed to act on the open edge of growing fullerene cluster to inhibit the formation of a pentagonal structure, and the "metal-particle model," 8 in which droplets of carbon containing catalytic metal were formed as a consequence of laser ablation and, in the subsequent cooling stage, the carbon atoms separated out from the metal nuclei to form SWCNTs. More recently, the CCVD method became one of the most commonly used production techniques for vertically aligned SWCNTs, 9, 10 and many new models have been proposed based on a range of different experimental and theoretical considerations: transmission electron microscopy ͑TEM͒ images, 11,12 molecular dynamics ͑MD͒ simulation, [13] [14] [15] [16] [17] a simple mass-spring model, 18 and chemical decomposition of precursor molecules into reactive species. 19 On the other hand, the growth mechanism of MWCNTs without catalytic metal atoms has also been widely discussed. Iijima et al. 20 proposed an "open-end growth," in which open tube ends grow by accumulating carbon atoms at the tube peripheries, with pentagons terminating the openend growth. MWCNTs then form by a second tube nucleating on the sidewall of the first tube and eventually covering it. Guo et al. 21 proposed a "lip-lip interaction model," in which "spot-welded" adatoms between the inner and outer tube formation was proposed based on TEM observations, 3 which is similar to the process of DWCNT formation in the high temperature annealing of C 60 peapods. 22, 23 Although many models have been proposed for SWCNT, DWCNT, and MWCNT growth, there is still much discussion concerning which factors are critical for defining the structure of the nascent tubes during the formation process, since it is difficult to probe this at the molecular level during the synthesis reaction.
As a numerical approach, the MD method provides detailed information that cannot be obtained experimentally since it explicitly considers the atomic motions. However, it is difficult to reproduce the entire formation process of CNTs using just MD due to computational limits on the system size and time scale of the simulation. Shibuta and Maruyama 14, 24 previously investigated using MD simulations of the nucleation process of SWCNTs, focusing on the role of the catalytic metal atoms using novel many-body potential functions between carbon atoms and catalytic metal atoms constructed by fitting binding energies from density functional theory ͑DFT͒ calculations. 25, 26 Ding et al. 15 demonstrated a nucleation process that implicates the temperature gradient in the metal particle as a driving force for nucleation using classical MD. Gavilett et al. 13 investigated the segregation process of carbon atoms from the Co-C cluster using ab initio MD. Raty et al. 16 showed explicitly the first stages of the nucleation of a fullerene cap on a metal particle by ab initio MD. In addition to the numerical studies of the formation process based on kinetics, the thermodynamics on a nanoscale have also been widely studied. Harutyunyan et al. 27 examined the phases of cobalt nanoparticles during SWCNT growth by calorimetric measurements and concluded that the liquid phase is favorable for the growth of SWCNT. Discussion of the Fe-C phase diagram as a function of the nanoparticle size on the basis of direct MD simulation 28 and ab initio calculations 29 concluded that formation of cementite arrests the formation process of nanotubes due to its different activity and diffusion properties. Amara et al. 30 focused on the carbon chemical potential during SWCNT formation using tight binding methods coupled to a grand canonical Monte Carlo ͑MC͒ simulation and showed that solubility of carbon in the outermost nickel layer is dominant in controlling the nucleation of SWCNTs. Wood et al. 31 proposed an analytical model for the effect of carbon flux on the growth rate of SWCNT based on a diffusion calculation.
However, using MD, the process of formation of the SWCNT cap structure is limited by the computational expense of the simulations to a time period of several tens of picoseconds for ab initio methods, 16 or a few hundred nanoseconds for classical methods.
14 Therefore, the use of a more coarse-grained simulation methodology is essential for studying the growth process after the initial nucleation event. For this reason, our current approach is based on a multiscale model for CVD growth, ͑illustrated schematically in the supplementary material, see Ref. 32͒ . In previously published work, Shibuta and Maruyama carried out atomistic simulations of the nucleation process of SWCNTs ͑Refs. 14 and 24͒ using classical many-body potential forms of the Brenner type 33 derived from DFT calculations on nanoclusters of carbon, metal, and carbon-metal alloys. 25, 26 The metals investigated were d-block elements typical of those used in CCVD synthesis of CNTs, namely, iron, nickel, and cobalt. These potential functions were then subsequently used by the present authors to perform classical MD simulations of the adsorption of an atomistic graphene sheet onto larger ͑256, 500, and 864 atom͒ metal nanoclusters on a substrate in order to obtain the graphene-catalyst interfacial energy for the case of nickel as the catalyst metal. 34 These calculations, and similar results for iron and cobalt obtained using the same methodology, have been used in this study to parametrize a mesoscale MC model for the growth of a twodimensional ͑2D͒ simply connected triangular mesh, representing a coarse-grained model of the graphene sheet, which is driven by the injection of extra nodes ͑carbon͒ at the base of the catalyst particle.
The coarse-grained mesh is initially conformal with the substrate-adsorbed catalyst particle, and its shape and size evolve stochastically according to a set of rules that are described in detail in Sec. II A. The main advantage of the MC model is that it allows exploration of a much larger range of phase space than MD simulations. Since the parameters of the MC model are linked to the molecular scale by a parameter fitting process described in Sec. III A, then it is possible to develop larger scale predictions of the type of CNT growth that may be achieved under certain CVD processing conditions ͑e.g., substrate or metal type, carbon deposition rate, and catalyst particle size͒, and in Secs. III B and III C we present the results that have been obtained using the model so far. Before doing so, we will describe the construction of the MC model and its parametrization in more detail.
II. COMPUTATIONAL METHODS

A. Description of mesoscale model for CNT and catalyst particle
In the mesoscale MC model ͑illustrated schematically in the supplementary material, see Ref. 32͒ the graphene sheet is represented by a collection of nodes, which define a 2D surface ͑the "mesh"͒ in which each node has three translational degrees of freedom. Each node is joined to six other nodes, providing it does not lie on the open end of the tube in contact with the catalyst particle. It is important to recognize that these nodes do not correspond to individual carbon atoms, but rather points describing a surface that in reality is composed of many carbon atoms. The precise number of carbon atoms per node is a parameter of the model, and will determine factors such as the carbon-catalyst interaction energy, which will be defined presently. The catalyst particle was modeled as a solid section of a sphere, i.e., it was treated as a liquid droplet with a contact angle determined by interactions with the substrate. The substrate to which the catalyst particle is attached was modeled as an infinite plane by restricting the positions of all the nodes to positive z-coordinates. The shape of the catalyst particle was defined by two parameters: the radius, R, and height of the center of the particle above the substrate surface, h. By varying these two values, the contact angle, , of the particle on the substrate can be determined.
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B. Addition and relaxation processes
The mesoscale model was driven from its initial state by the addition of nodes to the carbon sheet around the base of the catalyst particle, where it comes in contact with the substrate. The rationale for this was that the dominant mechanism for carbon addition in root growth of CNTs is via the diffusion of carbon atoms or carbon-source molecule on the substrate or the gas phase. 12, 35 As this extra material is injected into the sheet, increasing its area, a standard Metropolis-type MC algorithm was used to relax the mesh structure representing the graphene sheet, keeping the catalyst particle and substrate fixed at all times. The MC algorithm proceeded in two stages: first the forced addition of a node at the base of the catalyst particle, creating a strained structure after retriangulation, followed by relaxation via a standard Metropolis test to determine whether the new state is accepted using a Hamiltonian specified in Sec. II C. Each step considers a randomly selected node and moves it a small distance to a new position. If the energy of new state is lower, then it is accepted automatically, otherwise the move is accepted with a Boltzmann probability.
A critical parameter of the MC model is therefore the ratio of "addition" steps to "relaxation" steps, which is qualitatively related to the rate of carbon deposition at the base of the catalyst particle. Each addition step corresponds to the insertion of an entire ring of nodes around the base of the catalyst particle, whereas the number of MC steps used to relax the graphene mesh is specified on a per node basis. Hence, for example, "2500 MC relaxation steps" means that after each ring addition in the simulation, the number of relaxation steps used equals the number of nodes multiplied by 2500. Therefore, a lower number of MC relaxation steps correspond to a faster rate of carbon deposition, and vice versa. Since there is no attempt to implement a detailed balance condition for the carbon addition, the system is driven from equilibrium at a fixed rate; however, since each MC step cannot strictly be related to a fixed interval of time, the actual deposition rate cannot be calculated quantitatively.
C. Hamiltonian for Metropolis Monte Carlo system
The Hamiltonian for the MC system, which is expressed in terms of the degrees of freedom of the graphene mesh nodes, consists of the sum of four terms; taking into account bond stretching, surface curvature, carbon-carbon interactions, and carbon-catalyst interactions. The interactions are defined by the following Eqs. ͑1͒-͑4͒, where each equation refers only to the energy term associated with a single node. These equations give the energy of a given configuration when summed over all nodes, as used in the Metropolis MC test described in Sec. II B. The procedure for determining explicit values of the mesoscale model parameters is discussed further in Sec. III A.
The bond stretching energy between nodes, E b , is given by Eq. ͑1͒, where K b is a Hookean bond stretching constant, and l and l 0 are the actual and reference bond lengths between bonded nearest neighbor nodes, respectively,
The surface curvature energy, E c , is given by Eq. ͑2͒, and is dependent on the surface bending stiffness parameter, K c :
The variable A is the area associated with each node, and J is the curvature at the node, defined as the sum of the principal curvatures at the node J =1/ R 1 +1/ R 2 . The subscripted quantities, A j and J j , refer to the same properties for each of the neighboring nodes. The term involving a sum over j considers the curvatures of the six neighboring nodes in order to avoid moves that are automatically accepted because they decrease the energy of the node under consideration, but increase the energy of the nodes around them. The area of a node A is calculated as one-sixth of the total area of the six triangles formed around that node if all of the internode bond lengths adopt their equilibrium values. The curvatures are calculated by considering the relative positions of each of the neighbors around the current node. So far, only energy terms between bonded nodes have been considered. However, the MC Hamiltonian also contains terms for the energy of each node calculated by considering its proximity to each of the other nodes in the system, excluding bonded nearest neighbors.
The carbon-carbon node interaction energy, E CC , is defined by Eq. ͑3͒ in terms of a subsidiary variable E CC,j , and how E CC,j varies with the separation of the two nodes being considered:
· ͑3͒
As before, A is the area of the node for which the energy is being calculated, and A j is the area of node j that is interacting with the original node. E CC,1 is usually a positive energy, producing repulsion at short range, and E CC,2 is usually a negative energy, producing an attraction at longer ranges. The variable d in Eq. ͑3͒ is the separation of the two nodes, which is always a positive value, and d 1 , d 2 , and d 3 are distances that define the ranges at which the carbon-carbon interaction is hard repulsive, soft repulsive ͑unfavorable͒, soft attractive ͑favorable͒, and zero, respectively ͑d 3 Ͼ d 2 Ͼ d 1 ͒. The infinite energy at separations closer than d 1 is implemented by simply forbidding a MC move to bring one node within this distance to another. The carbon-catalyst interaction energy, E ct , is given by Eq. ͑4͒, where A is the area associated with the node directly in contact with the catalyst particle:
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The term involves A 2 , since the interaction is effectively occurring between the number of atoms represented by a node, and the same number of atoms on the surface of the catalyst particle. E ct,1 is a usually negative value, corresponding to the favorability of the carbon sheet being in contact with the catalyst particle. As before, d is the distance of the node from the surface of the catalyst particle, and d 0 is the range over which the carbon-catalyst interaction is considered. Since a negative value of d would correspond to a node lying inside the catalyst particle, this is forbidden in the simulation.
As well as the interaction parameters used in Eqs. ͑1͒-͑4͒, the following parameters can also be changed in the mesoscale MC model: the catalyst particle contact angle , the number of MC relaxation steps per round of addition, and the density of node mesh. Before describing the output from the model, we will summarize the methodology for determining parameters in Eqs. ͑1͒-͑4͒.
III. RESULTS
A. Parametrization of the MC model
When determining the parameters for the mesoscale model, it is important to distinguish between the energy per unit surface of the graphene sheet ͑which is constant͒ and the corresponding quantity for the mesh ͑which can vary with number of carbon atoms per mesh element͒. Here, it is taken as implicit that mesoscale parameters are quoted per unit surface of the mesh, whereas the molecular parameters are quoted per unit of graphene surface ͑or other constituent material͒. The coarse graining is achieved by mapping triangular mesh elements onto the hexagonal carbon network, with increasing degrees of coarse graining being represented by larger mesh elements. This process is illustrated in the supplementary material ͑see Ref. 32- Fig. 3͒ , showing both complete mapping and only the triangular mesh for a coarsegraining level of n = 2 used to derive the parameters in the rest of the paper. The rules for determining the number of atoms per node and per mesh element as a function of the level of coarse graining are listed in Table I .
The internode bond stretching parameter K b , used in Eq. ͑1͒, was determined from the curvature of the potential energy calculated for the in-plane affine deformation of a 2D graphene sheet by a series of quasistatic molecular mechanics single point energy calculations, as presented in Fig. 1 . The molecular system, shown in the inset to Fig. 1 and comprising of a 2D periodic array of 384 carbon atoms, was represented by a Brenner potential, 33 and the bond length was changed from 1.35 to 1.5 Å in order to generate the potential curve shown, which was fitted to a quadratic functional form at low strains. The Brenner potential has two parameter sets: ͑I͒ with a proper bond length but a weaker force constant and ͑II͒ with a proper force constant but a longer bond length. In this study we employed parameter set I since we prioritize the epitaxy between the hexagonal carbon network and metal surface. The value K b = 32.58 eV Å −2 atom −1 , obtained from the fitted function ͑i.e., twice the coefficient of quadratic term͒, gave K b = 21.71 eV Å −2 node −1 ͑see Appendix A͒. The mesh bending stiffness parameter K c , used in Eq. ͑2͒, can be determined straightforwardly from the graphene sheet bending stiffness, D, quoted by Pantano et al. 36 as 3.0 eV Å 2 atom −1 for a molecular sheet, giving K c = 2.307 eV Å 2 node −1 ͑see Appendix B͒. Unlike the nonbonded interaction parameters, both the bond stretching parameter, K b and the bending parameter, K c are independent of the number of carbon atoms per node.
The carbon-carbon interaction terms, used in Eq. ͑3͒, Figure 2͑b͒ shows the continuous potential energy, given by Eq. ͑C1͒, compared to the values of E CC,1 and E CC,2 describing the step-function interaction potential in the mesoscale model. Explicit details of the calculation of d 1 , E CC,1 , and E CC,2 are given in Appendix C. The catalyst-carbon interaction parameter, E ct,1 , used in Eq. ͑4͒, was determined from the energy of adsorption of a graphene sheet on the catalyst nanocluster by MD calculation. As in the case of our previous study, 34 molecular catalyst particles of Fe, Co, and Ni with sizes of 256, 500, and 864 were generated by annealing small crystals using classical MD with a bond-order potential we have constructed from ab initio calculations. 26 These nanoclusters were then adsorbed onto a planar surface represented by an integrated Lennard-Jones potential. The contact angle of substratesupported nanoclusters depends on the depth of the potential energy curve. 37 Then, the energy gain was calculated by subtracting individual energies of the metal nanocluster and isolated graphene sheet from total energy. Figure 3 shows a plot of the carbon-catalyst interaction energy per unit area against contact angle for the different catalyst metals. The energy per unit area was found to be independent of particle size and contact angle, although there was a wide scatter of individual results due to fluctuations in the shape of nanoparticles. The averaged values of 2.234 ͑Fe͒, 1.694 ͑Co͒, and 0.948͑Ni͒ eV Å −2 were used to parametrize mesoscale model ͑see Appendix D͒. Having completed the parametrized process, all units were reduced by the average thermal energy ͑k B T = 0.069 eV at 800 K͒ and then renormalized by the parameter with largest magnitude ͑Table II͒. However, it was found to be necessary to reduce the in-plane stiffness of the graphene sheet by a factor of 60 in order to allow injection of carbon into the mesh without causing numerical instability. This was rationalized in physical terms because the in-plane stiffness was derived for a perfect graphene sheet, whereas in the reactive case the actual stiffness will be much lower due to presence of defects and incompletely satisfied valency. In fact, the actual value of in-plane stiffness has only a small effect on the possible collapse mode of the tube. Figure 4 shows snapshots of a single tube produced from a hemispherical catalyst particle, = 90°, as a function of FIG. 3 . ͑Color͒ Plot of the carbon-catalyst interaction energy per unit area ͑Å 2 ͒, against contact angle for various sizes of Fe, Co, and Ni nanoclusters: green ͑256 atoms͒, red ͑500 atoms͒, and blue ͑864 atoms͒. The average interaction energy is denoted by solid black line, which is a least-squares best fit through all data points and independent of contact angle. addition steps, t, for three different values of E ct,1 parameter representing a progression from hard repulsive particle ͑top͒ to strongly attractive particle ͑bottom͒. For both hard repulsive and weakly attractive particles, as shown in Figs. 4͑a͒ and 4͑b͒, respectively, the early stage tube growth ͑t Ͻ 40͒ is similar, resembling a linear, uniform growth of a singlewalled tube, slightly puckered by fluctuations in surface curvature, until the onset of a kink instability around t = 60. In the case of the hard repulsive particle, Fig. 4͑a͒ , the kink occurs a short distance away from the particle, but where weak attraction is present, Fig. 4͑b͒ , the kink is initiated very close to the surface of particle, indicating the influence of attractive forces on the curvature of the graphene sheet in this region. As t was increased to 80, both tubes locally collapsed around the kink defect, leading to a nonlinear growth. The collapse is hysteretic due to the weakly attractive nature of carbon-carbon interactions between opposite sides of the tube. This behavior is strongly reminiscent of transmission electron microscopy ͑TEM͒ micrographs of isolated SWCNTs growth in CVD processes from both semiconducting 38 and metallic 39 nanoparticles. As the strength of interaction between graphene sheet and catalyst particle was increased further, as shown in Fig.  4͑c͒ , the character of the tube growth changed dramatically. Almost immediately, the cap of the nascent tube was pinned to the surface of the catalyst particle and, by t = 20, this had the effect of inverting the tube and produced a stable, linear growth mode in which a double wall structure grew by propagation of the surface fold at the tip. This can be seen more clearly in Fig. 5͑a͒ , where the snapshot in Fig. 4͑c͒ at t = 80 has been rotated slightly out of plane to show the hollow fold surface, and in Fig. 5͑b͒ , where the tube walls are semitransparent, showing the inner wall of the tube and tip pinned to the catalyst particle. Since the value of carboncatalyst interaction parameter used for simulations shown in Figs. 4͑c͒ and 5 is not physical, these results should be interpreted with caution. In reality, it is possible that tube tip will rebond to the catalyst particle, creating a continuous double wall structure, and that highly reactive fold surface at the free end of the tube may well either be fully open or capped. However, double wall structures similar to Fig. 5 have been observed in high-resolution TEM images of SWCNTs grown within an outer tube as a support, 40 and our simulations show how in principle the carbon-catalyst interaction energy can profoundly change the growth mode of CNTs produced by the substrate-supported CVD process. Although it is very likely that the energetically unfavorable kinks in the stem of SWCNTs in Figs. 4͑a͒ and 4͑b͒ and the bends at the top and bottom of the DWCNT in Fig. 4͑c͒ contain defects, the connectivity of the mesh used to model the graphene sheet will remain unaffected. Instead, there will be a local softening of the elastic constants, which is neglected in our current model. Although the quantitative effect of inducing the defects cannot be discussed from our calculation, it may still be sufficient to know qualitatively where the kink or bend is induced during growth of SWCNT or DWCNT depending on the growth conditions. Figure 6 shows four snapshots of single tubes generated using different values of carbon-catalyst interaction parameter, E ct,1 , for increasingly large values of attraction strength, showing the influence of using different catalyst metals ͑Ni, Co, Fe͒ on tube growth after t = 80 addition steps. Since, for FIG. 4 . Snapshots of a single tube ͑rendered as a shaded polygonal mesh using the GEOMVIEW software package͒ produced from a hemispherical catalyst particle, = 90°, as a function of MC addition steps, t, for three different values of E ct,1 parameter: ͑a͒ zero, representing a hard repulsive catalyst surface, ͑b͒ a value representing a ͑weakly attractive͒ Fe particle, and ͑c͒ unity ͑in energy units of k B T͒ Å −4 node −1 , representing a strongly attractive particle. All snapshots were generated using 5000 relaxation steps per ring addition.
B. Growth process of a single tube
C. Effect of carbon-catalyst interaction energy on single tube growth
FIG. 5. Snapshots of single tube produced from a hemispherical catalyst particle in Fig. 4͑c͒ at t = 80 for the strongly interacting catalyst particle: ͑a͒ solid mesh, rotated out of plane, showing hollow double wall structure, and ͑b͒ same structure with edges removed and semitransparent faces, showing inner wall of tube and inverted hemispherical cap in contact with catalyst particle. a given substrate, each catalyst particle will have a different contact angle, these simulations do not give a complete description of the effect of changing catalyst metal, but isolate only the influence of changing interaction energy within the range of parameters derived from MD as described in Sec. III A. The results show that, for the catalyst particle geometry and deposition rate chosen, tube growth from all three transition metals, shown in Figs. 6͑b͒-6͑d͒, qualitatively resembles that for the hard repulsive particle, shown in Fig.  6͑a͒ , although there are small quantitative differences in position and shape of kink-collapse instability that occurs for t Ͼ 50.
Since the onset of kink instability is dependent on ratio of graphene sheet bending stiffness to catalyst particle size then this may indicate that, for the simulations shown, the size of catalyst particle, which has a diameter of 6.6 nm in real units, is too large to support single wall tube growth, which is consistent with experimental results where limiting size of catalyst particles for SWCNT growth were measured. 39, 41 Earlier MD simulations by Elliott et al. 42 predicted a maximum limiting diameter for SWCNTs to remain inflated at zero applied pressure of around 6.3 nm, and subsequent experimental studies on bundles of SWCNTs containing tubes of different diameter have also confirmed this estimate.
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D. Effect of carbon deposition rate and contact angle on tube growth Figure 7 shows a binary "phase table" for tubes grown from catalyst particles with different contact angles ͑ = 10°-90°, but with same diameter at the substrate surface͒ and different "deposition rates" ͑i.e., ratio of MC relaxation to addition steps, as defined in Sec. II B͒ after t = 40 addition steps using E ct,1 = 0. The phase table is an attempt to show qualitatively how parameter space of model affects the character of tube growth, rather than a quantitative prediction for any particular set of experimental conditions. Nevertheless, some important general trends can be discerned from Fig. 7 . The first is that for slow deposition rates ͑5000 MC relaxation steps per addition͒, single wall growth was favored, but for faster deposition rates, the onset of kink instability was greatly hastened, leading in extreme cases to folding and involution of the graphene sheet, with the effect of producing multilayered structures that could go on to form multiwall nanotubes. The mechanisms are similar to those observed in Sec. III C, but in this case it is the increased pressure from carbon entering the base of the tube that drives the folding. The second trend observed was the tendency for forming multiwall structures at lower contact angles, although it should be noted from Fig. 3 that it is difficult to produce contact angles lower than 60°for transition metal nanoparticles on substrates studied via MD. In general, a typical range of contact angles as a function of substrate-metal combination may be 80°-120°, rather than the much wider range represented in Fig. 7 . Due to limitations of MC model, we are unable to study contact angles larger than 90°at this point.
IV. CONCLUSIONS
A MC model for early stage growth of single and multiwall CNTs has been developed, and parametrized within a multiscale framework based on MD and ab initio quantum calculations. The MC model can predict the general character of tube growth based on the carbon-catalyst interaction parameter, contact angle of catalyst particle on substrate, and effective carbon deposition rate. It was found that for the pure transition metal particles studied by MD ͑in order of increasing affinity for graphene sheet: Ni, Co, Fe͒ the range of carbon-catalyst interaction energies alone had little effect on the qualitative type of tube growth, but in combination with catalyst particle size and contact angle could change behavior from linear single wall growth to nonlinear double or multiwall growth by folding and involution of the graphene sheet. The mechanisms for this are a competition between the planar stiffness of graphene sheet and attraction to the metal catalyst particle, and the driving force of carbon FIG. 6 . Snapshots of a single tube produced from a hemispherical catalyst particle for different values of E ct,1 parameter derived from MD simulations, in increasing order of attraction strength: ͑a͒ zero, i.e., a hard repulsive catalyst surface, ͑b͒ Ni particle, ͑c͒ Co particle, and ͑d͒ Fe particle. All snapshots are shown after t = 80 MC steps using 5000 relaxation steps per ring addition.
FIG. 7. Binary phase table of single tubes produced from catalyst particles as a function of their shape and the carbon deposition rate ͑measured by ratio of number of MC relaxation steps per node per addition round͒. Each catalyst particle has same radius in plane of intersection with substrate, and all images are shown after t = 40 addition steps for a hard repulsive catalyst surface ͑i.e., E ct,1 =0͒.
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entering the sheet at the base of the catalyst particle. Although the MC model does not allow for breakage or rebonding of the sheet, as may happen in practice when in contact with the catalyst surface or under conditions of high stress, it nevertheless demonstrates that the transition from single to multiwall nanotube growth can be explained by the physics of a semiflexible sheet driven by increasing surface area. It also provides a useful tool for connecting parameters calculated from atomistic and quantum level calculations with qualitative microstructural predictions.
